Topological states may be protected by a lattice symmetry in a class of topological semi-metals. In three spatial dimensions, the Berry flux around gapless excitations in momentum space defines a chirality concretely, so a protecting symmetry may be referred to as a chiral symmetry. Prime examples include Dirac semi-metal (DSM) in a distorted spinel, BiZnSiO4, protected by a mirror symmetry and DSM in Na3Bi, protected by a rotational symmetry. In these states, topology and a chiral symmetry are intrinsically tied. In this work, we investigate characteristics interplay between a chiral symmetry order parameter and instantaneous long-range Coulomb interaction with the standard renormalization group method. We show that a topological transition associated with a chiral symmetry is stable under the presence of the Coulomb interaction and the electron velocity always becomes faster than one of a chiral symmetry order parameter. Thus, the transition must not be relativistic, which implies a supersymmetry is intrinsically forbidden by the long-range Coulomb interaction. Asymptotically exact universal ratios of physical quantities such as energy gap ratio are obtained, and connections with experiments and recent theoretical proposals are also discussed.
Topological states may be protected by a lattice symmetry in a class of topological semi-metals. In three spatial dimensions, the Berry flux around gapless excitations in momentum space defines a chirality concretely, so a protecting symmetry may be referred to as a chiral symmetry. Prime examples include Dirac semi-metal (DSM) in a distorted spinel, BiZnSiO4, protected by a mirror symmetry and DSM in Na3Bi, protected by a rotational symmetry. In these states, topology and a chiral symmetry are intrinsically tied. In this work, we investigate characteristics interplay between a chiral symmetry order parameter and instantaneous long-range Coulomb interaction with the standard renormalization group method. We show that a topological transition associated with a chiral symmetry is stable under the presence of the Coulomb interaction and the electron velocity always becomes faster than one of a chiral symmetry order parameter. Thus, the transition must not be relativistic, which implies a supersymmetry is intrinsically forbidden by the long-range Coulomb interaction. Asymptotically exact universal ratios of physical quantities such as energy gap ratio are obtained, and connections with experiments and recent theoretical proposals are also discussed.
The discovery of topological insulators and Weyl / Dirac semi-metals shed new lights on understanding in condensed matter physics [1] [2] [3] [4] . Topology may enforce non-trivial states such as gapless states or topological orders in either boundary or bulk unveiling a variety of new phases. Almost complete classification has been done for non-interacting systems [5] [6] [7] . Interacting topological phases, on the other hand, have intrinsic complexity from the Coulomb interaction. Even though remarkable advances have been achieved recently [8] [9] [10] [11] [12] [13] [14] , it is also much desired to have a concrete example whose exact analysis is available with striking Coulomb interaction effects. We provide one such example relying on a topological phase transition associated with a chiral symmetry breaking.
A chiral symmetry is a lattice symmetry which protects energy gapless-ness in a topological semi-metal. Namely, an energy gap ("mass") is generated by breaking the chiral symmetry. In condensed matter, it may be realized by a discrete lattice symmetry in contrast to a continuous symmetry between the left-and right-handed fermions in high energy physics. For example, a mirror symmetry is a chiral symmetry in Dirac semi-metals of distorted spinels such as BiZnSiO 4 [15] , and a translational symmetry is in generic Weyl semi-metals [16, 17] . In Table I , we list examples of topological semi-metals and lattice symmetries. The chirality is tied to a topological number in terms of Berry flux (or phase) around gapless excitations [18] , and thus chiral symmetry breaking can be naturally understood as a topological phase transition.
In this paper, we uncover novel interplay phenomena between a chiral symmetry order parameter, the instantaneous long-range Coulomb interaction, and topological semi-metals. We consider a system near a chiral symme- * egmoon@kaist. try breaking transition under the long-range Coulomb interaction and adopt the powerful renormalization group (RG) method. In three spatial dimensions, we obtain asymptotically exact results because the phase transition is at the upper critical dimension. Remarkably, the chiral symmetry transition is stable under the Coulomb interaction and novel universal ratios which characterize the transition are obtained. We emphasize differences between our universal ratios and ones without the Coulomb interaction in the seminal work by Zinn-Justin [19] . For example, the Coulomb interaction forces the velocity ratio to be a non-unity, so the emergent "Lorentz" symmetry is forbidden. To illustrate our results, we begin with a kinetic Hamiltonian for topological semi-metals in three spatial dimensions, a fermion flavor number N f . We introduce a spinor, Ψ k , with 4N f components. Our focus is intrinsic nature of topological semi-metals, so we do not consider a chemical potential term as in distorted spinnels [15] . The energy functions ε x,y,z (k) determines properties of topological semi-metals. For example, a nodal line semi-metal may be realized by choosing
, and [7, 23, 24] . Choosing a = v a k a makes a nodal point semi-metal. Our main focus in this paper is pointnodal semi-metals, and we take the simplest case with an isotropic velocity (v x = v y = v z ) for presentation of our results,
unless stated otherwise (see more general cases in supplementary material [25] ). We briefly discuss the case of nodal-line semimetals later.
The chiral symmetry may be realized by introducing an unitary matrix Γ 5 = iΓ x Γ y Γ z , which commutes with the kinetic Hamiltonian,
The quantum number is assigned by Γ 5 , which defines a Berry flux in topological semi-metals. Also, it is easy to show that a matrix M with {M, Γ x,y,z } = {M, Γ 5 } = 0 always exists. The corresponding operator Ψ † k M Ψ k breaks the chiral symmetry, and the anti-commutation relation guarantees that the energy spectrum is gapped by the operator.
To proceed, we consider the action with an imaginary time τ = it,
The chiral symmetry order parameter φ is introduced, and g characterizes the strength of electron-order parameter coupling. Notice that we consider a generic case that the chiral symmetry is a discrete symmetry, so φ is real. Its generalization to a continuous group is straightforward (SM). The electric potential ϕ with an electric charge e captures the instantaneous longrange Coulomb interaction,
|x−y| , which can be obtained by integrating out ϕ. It is easy to show that coupling between the order parameter and longrange Coulomb interaction is irrelevant because the order parameter couples to the Coulomb interaction nonminimally. The lowest-order gauge-invariant and symmetric coupling has a form of φ 2 (∇ϕ) 2 , and such a coupling term is irrelevant in RG analysis. The boson velocity, u, is introduced, which is different from the electron velocity v in general. The four dimensionless coupling constants are naturally defined,
Notice that one can choose the velocities v, u are always positive, so we only consider the case with y ≥ 0.
Remark that similar actions have been investigated in literatures. For example, without the Yukawa coupling (g = 0), the actions with symmetry protected semi-metal Hamiltonians have been studied in contexts of non-Fermi liquids and stable double / anisotropic Weyl semi-metals [26] [27] [28] [29] [30] [31] [32] [33] . With a non-zero coupling (g = 0), characteristic phase transitions have been investigated [23, 34, 35] . Furthermore, notorious problems on phase transitions with two-dimensional Fermi-surfaces have been studied in recent literatures, which analyze the actions with similar structures [36] [37] [38] . In this work, we take a generic Hamiltonian of linear Dirac / Weyl semi-metals and find remarkable interplay physics between electrons, order parameters, and the Coulomb interaction in topological nodal semi-metals.
Stable phases of the action can be easily obtained by taking limits of the coupling constants. First, a chiral symmetry broken phase may be realized by a large enough negative r, and the mean field analysis gives φ = −6r λ/u . Then, the electron and the order parameter energies become gapped, E e gap = g| φ | and E φ gap = 2|r|u 2 . The ratio of the two energy gaps is arbitrary
at the mean field level.
Second, a symmetric phase may be realized by a large enough positive r. The mean-field level analysis gives φ = 0, and the electron spectrum remains gapless. Thus, the total action effectively becomes
The perturbative calculation with the long-range Coulomb interaction gives the electron self-energy,
and it is easy to show the self-energy is logarithmically divergent. The divergence may be cured by the RG analysis where the momentum shell scheme gives
which is also logarithmically divergent, and the momentum shell scheme gives Π e (q) → −
The logarithmic divergences give beta functions of the scale-dependent couplings. For example, the velocity beta function is
3π α e (l)v(l), with Λ = µe l , and the fine structure constant, α e , beta function is [39] ,
The scale-dependent fine structure constant is obtained by solving the beta function, α e (l) =
, and in the long distance limit l → ∞, it becomes α e (l) → 3π 2(N f +1) 1 l , which manifestly shows the screening of the Coulomb interaction in a long distance limit and the weak-coupling fixed point (α e → 0) is stable.
Before going further, we remark that, in recent interesting works, a new phase is proposed by solving a self-consistent Schwinger-Dyson equation [40] . Ignoring vertex-corrections, a non-Fermi liquid phase is suggested in a strong coupling limit, which cannot be obtained by Eqn. (2) . Higher order corrections should be added, and then a NFL phase can be understood by a stable fixed point at α * e = 0 with β e (α * e ) = 0 [26, 35, 41] . All physical quantities receives corrections. For example, the dynamical critical exponent of the NFL is
2 ). Next, let us consider a quantum phase transition. The standard mean-field analysis without the Coulomb interaction predicts a second order phase transition at the critical point, r = r c [19] . However, it is not obvious whether the Coulomb interaction destabilizes or stabilizes the criticality, a priori. An example of the former case is a fluctuation induced first order transition as in superconductors [42] , and an example of the latter case is a magnetic transition in a non-Fermi liquids in pyrochlore systems [34] . Therefore, it is essential to investigate how the Coulomb interaction modifies the nature of the quantum phase transition.
We perform the standard RG analysis in terms of α e , α g , and λ and absorb all logarithmic divergences, which are similar to the ones we did for Eqn. (2) . Namely, we find the beta functions by evaluating various Feynman diagrams in SM,
Below, we analyze the beta functions step by step. 1) α e = 0 : First, turn off the electric charge at the microscopic level, e = 0. This situation may be more naturally realized by a nodal-to-nodeless superconductor transition in topological superconductors [18] .
The beta function of the velocity ratio becomes Universal ratios of velocity, RV (αe), and mass (energy) gap, RG(αe). The ratios RV,G(αe → 0) (red plane line) are obtained in this work. For comparison, we illustrate the ratios with the Lorentz invariance (RV,G(αe = 0)) [19] (blue dotted line). In the limit of N f → ∞, the Coulomb interaction is fully screened and the relativistic behavior is recovered.
Since α g is positive semi-definite, it is obvious that y = 1 is stable at low energy. The beta functions of the other two coupling constants become consistent with the previous results [19] 
The stable fixed point of the beta functions is (λ, α g , y) = (0, 0, 1). Near the fixed point, we obtain the universal energy gap ratio in the long distance limit (l → ∞),
Few remarks follow. The velocity ratio becomes unity at the critical point, which indicates the emergence of the Lorentz symmetry at low energy with a speed of "light". One can treat the velocity as a constant and be benefited by knowledge of relativistic quantum field theories. The criticality is well-known as the Gross-Neveu-Yukawa class, which allows a stable second-order quantum phase transition [19, 43] . The universality class is characterized by universal numbers, for example, the mass gap ratio, R G (α e = 0), near the criticality point.
2) α e → 0 : With the electric charge e = 0, intricate and intriguing interplay physics appears. Happily, our RG calculation shows only logarithmic divergences and is fully controlled. Full analysis of the beta functions, Eqn. (3), gives a stable fixed point (λ, α g , y, α e ) = (0, 0, y 0 , 0). The velocity ratio y 0 is a non-unity number which depends on N f . Fig.1 clearly shows differences between universal ratios with and without the long-range Coulomb interaction. For example, with N f = 1, the ratio of the velocities,
in contrast to R V (α e = 0) → 1. Thus, taking the limit l → ∞ and the zero limit of α e does not commute.
Few remarks follow. First, the presence of the sta-ble fixed point indicates the quantum phase transition is stable under the long-range Coulomb interaction. This is distinctly different from the fluctuation induced firstorder phase transitions in s-wave superconductors [42] , which is similar to the Coleman-Weinberg theory [44] . We notice that the order parameter φ in our system is electric charge-neutral, so there is no direct coupling between φ and ϕ. Second, the electron and order parameter can be distinguished by their energy spectrums with different velocities. Our numerical calculation shows the velocity ratio is monotonically increasing with N f , and we analytically find y 0 = 1
Thus, the Lorentz symmetry, which guarantees all velocities are the same, is forbidden by the long-range Coulomb interaction. One important consequence of the forbidden Lorentz symmetry is that supersymmetry which exchange fermions and bosons is intrinsically forbidden. Our calculation implies that the Lorentz symmetry and associated supersymmetry can be hosted by topological superconductors with the Meissner effect [45] [46] [47] [48] [49] [50] . Notice that we focus on the Hilbert space of electrons with the instantaneous longrange Coulomb interaction, which is different from electrons with U (1) gauge fields [51] [52] [53] . Third, our analysis is exact in a sense that the scaling limit (l → ∞) gives only logarithmic corrections in three spatial dimensions, which is similar to some features of quasi-local strange metals [54, 55] . One next intriguing question is the stability analysis under the long-range Coulomb interaction in two spatial dimensions (2d). In 2d, fluctuations are more relevant, but the Coulomb interaction is still the inverse-distance potential (marginal). In principle, two scenarios are possible. First, the Coulomb interaction becomes irrelevant, and the Lorentz symmetry would emerge at a chiral symmetry transition [56] . Second, similar to our analysis in 3d, the Coulomb interaction would forbid the Lorentz symmetry and associated supersymmetry. We expect that similar interplay physics appears in nodal-line topological semimetals as in previous literature [23, 24] (see also SM).
3) α * e = 0 : Our beta function analysis can be further applied to the chiral symmetry breaking out of the NFL phase with a reasonable assumption. As mentioned above, the NFL phase can be understood by a fixed point with a non-zero finite coupling constant α * e . The beta functions with α * e can be analyzed by using 1/N f expansion with the number of flavors N f if α * e is not too large. For example, the chiral order parameter coupling constant beta function becomes
We find a stable fixed point, (λ
It is obvious that the fixed point is controlled by 1/N f , which allows us to analyze the fixed point concretely. Again, the existence of the stable fixed point indicates that the chiral symmetry breaking out of NFL is stable.
Notice that the zero velocity ratio (y * = 0) indicates that the Lorentz invariance is also severely broken. Our evaluation of dynamical critical exponents of order parameters and electrons gives z e = z φ = 1 −
). In spite of the same dynamical critical exponents, higher order corrections induce the zero velocity ratio. This fact indicates that the electron, order parameter, and the Coulomb interaction are strongly correlated, and the sub-linear dynamical critical exponents stabilize the chiral symmetry breaking transition.
In FIG. 2 , we summarize our analysis in terms of phase diagrams with schematic RG flows. The RG flow is asymptotically exact near α e = 0. And for a non-Fermi liquid phase (large enough α e ), the RG flow is controlled by 1/N f .
With the above results, we discuss the implication of our results to experiments in topological semi-metals. As suggested by recent first principle calculations, various oxides materials are proposed to realized topological semi-metals including BiZnSiO 4 [15] and SrPd 3 O 4 [22] . We expect they are perfect venues to observe our results. In addition to the calculated universal ratios, the logarithmic and power corrections to physical quantities are smoking gun signals. For example, the velocity renormalization similar to one in graphene [57] can be obtained by the beta function. Setting temperature as a scale variable, the velocity becomes v(T 0 ) log T0 T with a given temperature T 0 . Especially, electronic contribution to the specific heat becomes C(T ) ∼ T renormalized with the power z e − 1, and the specific heat would shows temperature dependence C(T ) ∼ T 3+ 2α * e π . In conclusion, we investigate chiral symmetry breaking with long-range Coulomb interaction in topological semi-metals and show that the transition is stable. We obtain exact universal ratios of physical quantities such as energy gap and velocity and find the Lorentz symmetry is forbidden in 3d topological semi-metals under the presence of the long-range Coulomb interaction. We also suggest experimental signatures of our quantum criticality. We provide more information about notations and Feynman diagrams for Dirac / Weyl semi-metals with a chiral order parameter and long range Coulomb interaction. The total action is
The propagators of the electron, order parameter, and instantaneous Coulomb interaction are
First of all, the fermion self energy is given by Fig.1(a) and Fig.1(b) at the one-loop order
where
where c is for the Coulomb interaction, g c = ie, M c = I, and o is for the chiral symmetry breaking order parameter interaction,
The boson self energy by fermion loop is given by Fig.1(c) (for the Coulomb interaction) or Fig.1(d) (for the order parameter),
Note that from the fermion and order parameter self-energies, we can obtain the flow equation of the velocity ratio y ≡ u/v, dy/d . dy/d does not contain the term which is not proportional to y. One way to see this is that the divergences of the fermion and boson self-energy are linear or quadratic, respectively. The self-energy divergences become logarithmic after taking derivatives with momentum and momentum square, respectively. Thus, the correction terms are proportional to the bare terms which are another good features in d = 3, and one can show they are all proportional to y. When z = 2, the case that contains the term which is not proportional to the bare term is reported [1] . The correction for vertex between fermion and boson is given by Fig.1(e) , 1(f), 1(g), and Fig.1(h) ,
where δΓ bb means the vertex correction for
δΓ oo and δΓ oc are
where y = u/v and = log Λ/µ. The φ 4 vertex correction by φ 4 vertex is given by Fig.1(i) ,
The φ 4 vertex correction by the fermion loop is given by Fig.1(j) ,
Note that this generates the term which is not proportional to λ in dλ/d .
Appendix B: Universal ratios
In this section, we discuss the universal ratios, R G , R α , and R V defined as
To obtain these universal ratios, we need the asymptotic behaviors of y, λ, α g , and α e near the fixed point. Therefore, we will find those for α e = 0, α e = 0, and α * e = 0, and obtain the universal ratios R G , R α , and R V . All the results are summarized at Fig.3 .
The one-loop leading order corrections for the self energies and the vertexes. The line with arrowhead, dashed line, and wavy line stand for the fermion, the order parameter, and the Coulomb interaction, respectively.
Without Coulomb interaction (αe = 0)
First, let us consider α e = 0 case. When → ∞, λ and α g will be λ → C λ / and α g → C αg / . With these ansätze, solving the flow equation, we have
Regardless of N f , y → 1 when → ∞. Then
Thus, when → ∞ with α e = 0, R G is
For N f = 1, R G = 1 + √ 145/3 ≈ 1.204. Since α e = 0, R α = 0 for all N f .
With Coulomb interaction (αe → 0)
When we have the Coulomb interaction, we can obtain R G , R α , and R V in the same way as before,
, where Let us assume that α * e = const. = 0 when → ∞. In this case, α * g become
So, λ → 0 as → ∞. Therefore, when α * e = 0, then y, λ → 0, so R G = 0 for all N f . And
Relativistic regime
In above three cases, we consider the velocity of Coulomb interaction is infinite, i.e., c = ∞. Here, we will consider the finite c. In this situation, the action is
where Ψ, φ, and A µ are for the fermion, order parameter, and photon (a = x, y, z). So, we have three velocities, u, v, and c which are for the order parameter, fermion, and the photon, respectively. Due to this, we have additional parameter, x := v/c. The flow equations are given by −2 is the fine structure constant), to approach to the fixed point, we need to → 10 5 (Fig.2) .
At the fixed point, we have v = u = c, that is, the system become relativistic (so x = y = 1). Near the fixed point, 
